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============

Feder and Vardi in their groundbreaking work \[[@CR15]\] formulated the famous *dichotomy conjecture* for finite-domain constraint satisfaction problems, which has recently been resolved \[[@CR11], [@CR26]\]. Their motivation to study finite-domain CSPs was the question which fragments of existential second-order logic might exhibit a complexity dichotomy in the sense that every problem that can be expressed in the fragment is either in P or NP-complete. Existential second-order logic without any restriction is known to capture NP \[[@CR14]\] and hence does not have a complexity dichotomy by an old result of Ladner \[[@CR24]\]. Feder and Vardi proved that even the fragments of *monadic SNP* and *monotone SNP* do not have a complexity dichotomy since every problem in NP is polynomial-time equivalent to a problem that can be expressed in these fragments. However, the dichotomy for finite-domain CSPs implies that *monotone monadic SNP (MMSNP)* has a dichotomy, too \[[@CR15], [@CR23]\].

MMSNP is also known to have a tight connection to a certain class of infinite-domain CSPs \[[@CR7]\]: an MMSNP sentence is equivalent to a *connected* MMSNP sentence if and only if it describes an infinite-domain CSP. Moreover, every problem in MMSNP is equivalent to a finite disjunction of connected MMSNP sentences. The infinite structures that appear in this connection are tame from a model-theoretic perspective: they are reducts of finitely bounded homogeneous structures (see Sect. [4.1](#Sec5){ref-type="sec"}). CSPs for such structures are believed to have a complexity dichotomy, too; there is even a known hardness condition such that all other CSPs in the class are conjectured to be in P \[[@CR8]\]. The hardness condition can be expressed in several equivalent forms \[[@CR1], [@CR2]\].

In this paper we investigate another candidate for an expressive logic that has a complexity dichotomy. Our minimum requirement for what constitutes a *logic* is relatively liberal: we require that the syntax of the logic should be decidable. The same requirement has been made for the question whether there exists a logic that captures the class of polynomial-time solvable decision problems (see, e.g., \[[@CR19], [@CR20]\]). The idea of our logic is to modify monotone SNP so that only CSPs for model-theoretically tame structures can be expressed in the logic; the challenge is to come up with a definition of such a logic which has a decidable syntax. We would like to require that the (universal) first-order part of a monotone SNP sentence describes an *amalgamation class*. We mention that the *Joint Embedding Property (JEP)*, which follows from the *Amalgamation Property (AP)*, has recently been shown to be undecidable \[[@CR10]\]. In contrast, we use the fact that the AP for binary signatures is decidable (Sect. [5](#Sec8){ref-type="sec"}). We call our new logic *Amalgamation SNP (ASNP)*. This logic contains binary connected MMSNP; it also contains the more expressive logic of *binary connected guarded monotone SNP*. Guarded monotone SNP (GMSNP) has been introduced in the context of knowledge representation \[[@CR3]\] (see Sect. [6](#Sec9){ref-type="sec"}). We show that ASNP has a complexity dichotomy if and only if the infinite-domain dichotomy conjecture holds for constraint satisfaction problems for first-order reducts of binary finitely bounded homogeneous structures. In particular, every problem that can be expressed in ASNP is a CSP for some countably infinite $\documentclass[12pt]{minimal}
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The SNP sentence from Example [4](#FPar4){ref-type="sec"} is monotone, but not monadic, and it can be shown that there does not exist an equivalent MMSNP sentence \[[@CR4]\].

Theorem 1 {#FPar6}
---------
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Amalgamation SNP {#Sec4}
================

In this section we define the new logic *Amalgamation SNP (ASNP)*. We first revisit some basic concepts from model theory.

The Amalgamation Property {#Sec5}
-------------------------
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Defining Amalgamation SNP {#Sec6}
-------------------------

As we have mentioned in the introduction, the idea of our logic is to require that a certain class of finite structures associated to the first-order part of an SNP sentence is an amalgamation class. We then use the fact that for binary signatures, the amalgamation property is decidable (Sect. [5](#Sec8){ref-type="sec"}).

### Definition 2 {#FPar7}
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Note that ASNP inherits from SNP the restriction that equality symbols are not allowed. Also note that Amalgamation SNP sentences are necessarily monotone. This implies in particular that the class of $\documentclass[12pt]{minimal}
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### Example 5 {#FPar8}
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ASNP and CSPs {#Sec7}
-------------

We present the link between ASNP and infinite-domain CSPs.

### Theorem 2 {#FPar9}
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### Proof {#FPar10}
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### Claim 1 {#FPar11}
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### Corollary 1 {#FPar15}

ASNP has a complexity dichotomy if and only if the infinite-domain dichotomy conjecture is true for first-order reducts of binary finitely bounded homogeneous structures.

Deciding Amalgamation {#Sec8}
=====================

In this section we show how to algorithmically decide whether a given existential second-order sentence is in ASNP. The following is a known fact in the model theory of homogeneous structures (the first author has learned the fact from Gregory Cherlin), but we are not aware of any published proof in the literature.

Theorem 4 {#FPar16}
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Corollary 2 {#FPar18}
-----------
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Proof {#FPar19}
-----
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Guarded Monotone SNP {#Sec9}
====================

In this section we revisit an expressive generalisation of MMSNP introduced by Bienvenu, ten Cate, Lutz, and Wolter \[[@CR3]\] in the context of ontology-based data access, called *guarded monotone SNP (GMSNP)*. It is equally expressive as the logic MMSNP$\documentclass[12pt]{minimal}
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Definition 3 {#FPar20}
------------

A monotone SNP $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$-sentence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi $$\end{document}$ with existentially quantified relations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ is called *guarded* if each conjunct of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi $$\end{document}$ can be written in the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha _1 \wedge \cdots \wedge \alpha _n \Rightarrow \beta _1 \vee \cdots \vee \beta _m, \quad \text {where} \end{aligned}$$\end{document}$$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _1,\dots ,\alpha _n$$\end{document}$ are atomic $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\tau \cup \rho )$$\end{document}$-formulas, called *body atoms*,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _1,\dots ,\beta _m$$\end{document}$ are atomic $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$-formulas, called *head atoms*,for every head atom $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _i$$\end{document}$ there is a body atom $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _j$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _j$$\end{document}$ contains all variables from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _i$$\end{document}$ (such clauses are called *guarded*).

We do allow the case that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=0$$\end{document}$, i.e., the case where the head consists of the empty disjunction, which is equivalent to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\perp $$\end{document}$ (false).

The next proposition extends a well-known fact for MMSNP to guarded SNP.

Proposition 1 {#FPar21}
-------------
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Proof {#FPar22}
-----
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Application: Instances of Bounded Treewidth {#Sec10}
===========================================

If a computational problem can be formulated in ASNP or in GMSNP, then this has remarkable consequences besides a potential complexity dichotomy. In this section we show that every problem that can be formulated in ASNP or in GMSNP is in P when restricted to instances of bounded treewidth. The corresponding result for Monadic Second-Order Logic (MSO) instead of ASNP is a famous theorem of Courcelle \[[@CR13]\]. We strongly believe that ASNP is not contained in MSO (consider for instance the Betweenness Problem from Example [3](#FPar3){ref-type="sec"}), so our result appears to be incomparable to Courcelle's.
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Theorem 6 {#FPar26}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi $$\end{document}$ be an ASNP or a connected GMSNP $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$-sentence and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \in \mathbb N$$\end{document}$. Then the problem to decide whether a given finite $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$-structure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {A}$$\end{document}$ of treewidth at most *k* satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi $$\end{document}$ can be decided in polynomial time with a Datalog program (of width *k*).

Proof {#FPar27}
-----

Since structures that are homogeneous in a finite relational language are $\documentclass[12pt]{minimal}
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Remark 1 {#FPar28}
--------

In Theorem [6](#FPar26){ref-type="sec"} it actually suffices to assume that the *core* of $\documentclass[12pt]{minimal}
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Corollary 3 {#FPar29}
-----------
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Proof {#FPar30}
-----

Immediate from Theorem [1](#FPar21){ref-type="sec"} and Theorem [6](#FPar26){ref-type="sec"}.   $\documentclass[12pt]{minimal}
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Conclusion and Open Problems {#Sec11}
============================

ASNP is a candidate for an expressive logic with a complexity dichotomy: every problem in ASNP is NP-complete or in P if and only if the infinite-domain dichotomy conjecture for first-order reducts of binary finitely bounded homogeneous structures holds. See Fig. [1](#Fig1){ref-type="fig"} for the relation to other candidate logics that are known to have a dichotomy, might have a complexity, or provably do not have a dichotomy.Fig. 1.Fragments of existential second-order logic and complexity dichotomies.

We presented an application of ASNP concerning the evaluation of computational problems on classes of structures of bounded treewidth. We also proved that the syntax of ASNP is algorithmically decidable. The following problems concerning ASNP are open.

Is the Amalgamation Property decidable for (not necessarily binary) classes given by finitely many forbidden substructures?Is every binary CSP in Monadic Second-Order Logic (MSO) also in ASNP?Is every problem in NP polynomial-time equivalent to a problem in Amalgamation SNP if we drop the monotonicity assumption?Is there a natural logic (which in particular has an effective syntax) that contains both ASNP and connected GMSNP and which describes CSPs for reducts of finitely bounded homogeneous structures?
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